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Abstract

We study the impact of differential fertility levels for the food-insecure and
food-secure population on the long-run values of the population distribution and re-
sourcesin adescriptive model wherethefood security statesare determined by ahis-
torically given food distribution and the endogenousfood production with resources
and labour asinputs. Furthermore, we assume that the resource stock is reduced by
poverty-driven environmental degradation. Moreover, weincorporate nutritional ef-
fects on labour productivity and mortality. By applying local bifurcation theory, we
show that the model may exhibit multiple equilibria. Furthermore, the orbits of re-
sources and the population distribution may be characterised by quasi-periodic be-
haviour. Sustainable development in terms of approaching a steady state with posi-
tive values of resources and food-secure popul ation is only promoted by low fertility
levels of the food-insecure and food-secure population.

1 Introduction

“Over the past thirty years, most of sub-Saharan Africa has experienced very
rapid population growth, sluggish agricultural growth, and severe environmental
degradation” and there is evidence that these three phenomena are connected in a
mutually reinforcing manner (Cleaver and Schreiber 1994). Thisnexusiscommonly
known asa‘viciouscircle’ intheliterature.

The concept of the ‘vicious circle of poverty’ dates back to the 1950s, when
Ragnar Nurkse observed that “in discussion of the problem of economic develop-
ment a phrase that crops up frequently isthe *vicious circle of poverty’. [...] It im-
plies acircular constellation of forces tending to act and react upon one another in
such away asto keep apoor country in astate of poverty (Ascher and Healy 1990).
Similarly, Lutz and Scherbov (2000) describe the vicious circle model as being
“based on the assumption that high fertility, poverty, low education and low status of
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women and children are bound up in aweb of interactions with environmental degra-
dation and declining food production, in such a way that stress from one of these
sources can trap certain rural societies, especially thoselivingin margina lands, into a
viciouscircleof increasingly destructive responses.” Ascher and Healy (1990) tried to
categorisethiscomplex web of intervening factorsinto four distinct sectors. economic
production, income distribution, natural resources and environment.* They argue that
in thisrather complex web, various vicious circlesinvolving two or more sectors may
be observed (for examples see Ascher and Healy 1990, pages 20-23).

One example of such avicious circle isillustrated by the parable of firewood
(Nerlove and Meyer 1997). Gathering firewood, water, etc. is mainly the task of
women and children. Asdeforestation proceeds, the borders of theforestsare pushed
further away from the village, so firewood collection becomes more time-consum-
ing. Consequently, children become more valuablefor their parents and the demand
for them may rise, which reinforces fertility. Summing up, environmental degrada-
tion may itself increase fertility and subsequently population growth.? Hence,
Nerlove and Meyer (1997) argue that “[t]he relation between fertility and environ-
mental degradation depends primarily on the way parents perceive the benefits of
having children and not primarily on the effect of population size on the environ-
ment, aslong as the environment is adversely affected by larger population”. Simi-
larly, Dasgupta (1993) finds that in poor countries children are also considered as
income-earning assetswhich providesan additional motivationfor having children.

In the spirit of the concept of the viciouscircle, Lutz and Scherbov (2000) devel-
oped a quantitative simulation model, called PEDA (Population, Environment, De-
velopment and Agriculture), which links “ population parameters and education to
land degradation, food production and distribution” (Lutz and Scherbov 2000) and
has been applied to several African countries, e. g., Burkina Faso, Cameroon, Mad-
agaskar, Mali, Uganda and Zambia (Lutz et a. 2002).

The PEDA model is a population-based simulation model which considers, be-
sides age and sex structure, the literacy and food-security status aswell asthe place
of residence of the population. Insum, the PEDA model refersto about 1600 popula-
tion states. It considersanatural resourcesmodule (land and water) aswell asan agri-

1 However, Dworak (2002) argues that this categorisation is still incomplete since, e. g.,
polulation (including its age and sex distribution, fertility, mortalitiy, migration, education,
etc.) and other institutional settings (security issues, property rights) are missing.

2 This controversial causal link has been tested empirically for data of Pakistan and Nepal
by Filmer and Prittchett (1997) and Loughran and Pritchett (1997) in Asia. Filmer and
Pritchett (1997) verify various effects enhancing the plausibility of the hypothesisthat envi-
ronmental scarcity could possibly raise the demand for children athough there are several
findingswhich may beinconsistent withit. However, Loughran and Pritchett (1997) reject the
hypothesis, i. e., they find that environmental scarcity lowered the demand for children for
Nepal ese data. For sub-Saharan African cross-country data Cleaver and Schreiber (1994) find
a positive relation between tota fertility rates and the rate of deforestation. However, the
significance is ambiguous (Cleaver and Schreiber 1994).
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cultural production moduleand it containsafood distribution mechanismin order to
account for the inequality in the accessto food.

In particular, the PEDA model includestheviciouscirclereasoning. The growth of
therurd (illiterate and food-insecure) population contributesto land degradation, ow-
ering agricultural production and thereby increasing the number of food-insecure pop-
ulation. However, the PEDA model does not assume increasing fertility asadirect re-
sponse to food insecurity because of its controversial empirical foundation. “ Rather,
thefood-secure and food-insecure fractions of the popul ation are assumed to have dif-
ferent fertility levels (subject to exogenously defined trends) and hence the aggregate
fertility level only responds to changes in the food insecurity through changing
weights of the groupsin the calculation of overall fertility.” (Lutz et al. 2004)

In this paper, we aim to investigate the assumption of differentia fertility levels
for the food-insecure and food-secure popul ation in areduced-form derivative of the
PEDA model as presented in Lutz et al. (2002).2 Furthermore, we extend the PEDA
framework by incorporating nutritional effectson labour productivity and mortality.
In short, in each time period, the rural food-secure and food-insecure population to-
gether with the natural resource stock determinetotal food production. However, the
population lowers the resource stock by land degradation. The total amount of food
produced is distributed, in each time period, according to the prevailing food distri-
bution function, thereby dividing the population into food-secure and food-insecure
population.

The mgjor part of the literature concerning differential fertility and income in-
equality isdevoted to the context of investment in human capital. Although thefocus
in these studies lies on the long-run distribution of skilled to unskilled population,
these papers are methodologically related to our reduced-form derivative of the
PEDA model and may yield similar dynamic behaviour. For instance, Kremer and
Chen (1999) show that the positive feedback between fertility differentials and in-
comeinequality may lead to multiple steady states of the long-run popul ation distri-
bution of skilled and unskilled population. In particular, they investigate the positive
feedback between fertility differential and incomeinequality created by thefact that
higher wages reduce fertility and that children of the unskilled are morelikely to be
unskilled than of the skilled.

Nevertheless, the model of Kremer and Chen differs substantially from our
framework in several aspects. First, Kremer and Chen derive multiple steady statesof
the ratio of unskilled to skilled population, where the population growth rates are
constant, but not necessarily equal to zero, in the steady states. Hence, Kremer and
Chen (1999) consider a stable population rather than a stationary population in the

3 InLutzetal. (2002) acomparison of the original PEDA model anditsreduced-form derivative
has been conducted. Surprisingly, thetime paths of the food-insecure and food-secure popul a-
tion aswell asthe resources are quantitatively similar. Lutz et al (2002) concludethat “there-
duced form model is adequateto investigate therole of the food distribution, and thereby con-
tributes to a better understanding of the underlying mechanisms.”
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equilibrium. Sincewe are considering aframework of limited resourcesand constant
technol ogy, the population hasto become stationary in order to obtain asteady state.

Secondly, Kremer and Chen derive an inverse rel ationship between fertility rates
and wages by assuming asimple utility function. Hence they define the population
growth ratesendogenously. In contrast, PEDA assumesdifferent, but constant fertil-
ity levelsfor the food-insecure and food-secure popul ation, respectively. Therefore,
overall fertility rates vary only through compositional changes of the population.

Galor and Zeira (1993) explore the relationship between wealth distribution and
investment in human capital, where theformer evolvesendogenously. They asofind
multiple equilibriain the long-run distribution of the skilled and unskilled popul a-
tion, although they assume zero population growth. However, the existence of the
multiple steady states of the long-run distribution in their model basically depends
on the assumption of technological non-convexity and imperfect credit markets
(Gaor and Zeira 1993). By comparing this assumption, involved in Kremer and
Chen (1999), Galor and Zeira(1993) and others, to the PEDA assumptionsand refer-
ring to earlier work, we aim to identify economic reasons for the resulting long-run
distribution of food-insecure and food-secure population.

The remainder of the paper is organised asfollows. Section 2 presents the model
and discussesthe underlying assumptions. Section 3investigatesthelong-run evolu-
tion of resources, food-insecure and food-secure population. In particular, by apply-
ing bifurcation theory we analyse the effects of changing degrees of inequality and
fertility differentials. Finally, section 4 concludes and presents further extensions.

2 The model
Population dynamics

At each time point t, population P, consists of two groups, the food-secure popu-
lation, denoted by P, and thefood-insecurepopulation, P,,, with P,= P4 + P,.. Letus
denotethethreshold level y asthe minimum level of cal oriesnecessary to befood se-
cure. Then, aperson belongs to group Pg or P, respectively, if he or shereceivesa
level of food that exceeds, or falls short of, y. Let G(Y;y, ) denote the share of the
population that falls short of the subsistence requirement based on a per capitafood
entitlement y, in the period t. Then, thefood-insecure population at timet + 1isgiven
by G(Y;y; ), timestheexisting population, P,, plusbirthsand deathsof individualsin
the food-insecure population at timet, i. e.,

P],Hl = (bl _d(ylt))Plr +G(j;;yr )Pr (l)

whereb, and d(y,,) denote the birth rate and the death rate for the food-insecure popu-
lation, respectively. A similar equation can be derived for the food-secure popula-
tion, i. e.,
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RS‘,HI = (bs 7d(yS/))PSt +(1*G(}~/;y,))P/, (2)

wherebgand d(yg) denotethe birth rate and the death rate for the food-secure popu-
lation, respectively. Contrary to the birth rates, which are exogenously given, we as-
sumethat the death rates of the food-insecure and food-secure popul ation depend on
theper capitafood entitlement of the respective sub-population, y,, and yg, with mor-
tality decreasing when food entitlement rises, i. e., d' < 04

In particular, we assume the following functional form for the crude desth rates

d
diy)=d  + max ; forj=1,8 3
(yj) nat 1+ eXp(é‘(y] _ym )) Or.] ( )

which has been proposed in Strulik (1995) and has also been used in Prskawetz et al.
(2000). Informula(3), d,, indicates a minimum death rate which is approached for
values of the per capitafood entitlement rising toinfinity. Furthermore, d.,+d, ., are
approximately the maximum death rate for a per capita food entitlement close to
zero. Within these upper and lower bounds of mortality, the crude death rates fall
withincreasing per capitafood entitlement, wheretherate of decreaseisinitially ris-
ing and then decreasing. Furthermore d measuresthe slope of the mortality function.
Finaly, if the per capitafood entitlement equalsy,,, mortality amounts to about half
of its maximum value (Strulik 1995).

Moreover, it seemsreasonableto assumethat b;, bs< d; + d, ., holds, which im-
pliesthat for a per capitafood entitlement close to zero, the natural growth rates of
the sub-popul ations are negative.

Food distribution

At the end of each time period the total amount of food available Y, is distributed
among the population. We postulate a historically given food distribution function
which is represented by a Lorenz curve in order to be consistent with the original
PEDA model.° Thiscurve plotscumulative shares of food L(F(2)) asafunction of cu-
mulative population shares F(z) when the individual s are ranked in increasing order
of thefood zthat they receive. For instance, L(P,/P,) indicatesthe share of total food

4 In what follows, the prime after function names denotes the first derivative and the double
prime the second derivative.

5 Atkinson (1970), Rothschild and Stiglitz (1973) and Anand (1983, citet in Sen (1997)) showed
that a broad range of measures of inequality are Lorenz consistent, which means that they
agree with the Lorenz quasi-ordering when it applies (i. e., Lorenz curves for aternative in-
comedistributionsdo not intersect). Therefore by using the concept of Lorenz dominance, we
ensure that this measures agree about the ordering of the food distribution and our results are
not specific to the measure of inequality used.
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which the food-insecure population receives.® The food distribution function to-
gether with the total amount of food Y, to be distributed in each time period and the
threshold level of food Y then determine the share of food-secure Py, , , and food-in-
secure people P, ,,,, respectively, in the following period.

Recalling some basi c mathematical properties of the Lorenz curve, we can derive
an analytical expression for the population share falling short of the minimum re-
quirement in each time period. We exploit the fact that the slope of the Lorenz curve
at any point F(2) isinversely proportional to the per capitafood productiony = Y/P
and proportional to the corresponding food level z (see Appendix A.1 for the deriva-
tion of thisresult)

dL(F(z)) 1
ARG I(F(2) = 5 z, 4)

Assuming further that we can analytically solvefor theinverseof thederivativeof the
Lorenz curve, equation (4) can be written as

F@:ﬂ{ﬂ. ®)
y

Since F represents a distribution function, it has to be constrained by one from
above. Obvioudly, the corresponding level of food z,,, for which F(z,,) = 1 holds
firgt, indicates the maximum level of food entitlement in the economy. Eq. (5) then
impliesthat the maximum level of food will depend on the prevailing level of per ca-
pitafood production y and the functional form of the Lorenz curve. Unlessthe econ-
omy isin astationary state, per capitafood production y and henceforth the maxi-
mum level of food z,,, will vary over time.

For the numerical analysiswe postul ate the following simple functional form for
the Lorenz curve”:

LFE) = (F ) a1 ©)

This ssmple Lorenz curve fulfills the assumption that the first derivative is analyti-
cally invertible, which hasbeen postul ated above. Moreover, it hasthe advantage that
asingle parameter, namely «, uniquely governs the degree of inequality and there-
fore ranks the food distributions.

However, the specific functional form (6) for the Lorenz curveimplicitly assumes
azero minimum food entitlement. Since the minimum requirement of caloriesin or-
der to befood secureisstrictly positive, there will always be astrictly positive num-

6 Hence, the per capitafood entitlement at time t of the of the food-insecure population is de-
fined as y,, = Y,L(P/P)/ P,.. Furthermore, the per capita food entitlement at time t of the
food-secure populationisgiven by yg = Y,(1-L(1- P4/P))/Pg.

7 See Chotikapanich (1993) for alternative functional forms of the Lorenz curve.
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ber of peoplefalling short of this minimum requirement. Hence, wewill not obtain a
steady state with a zero number of food-insecure population.
By using this specific form of the Lorenz curve, equation (5) transformsto

1/(a-1)

Recalling that ¥ indicates the threshold level of food, a person needs to be food se-
cure, equation (7) evaluated at z= Y givesthe proportion of the popul ation becoming
food insecure, i. e.

1

~

_ v 5
Gsy)= (ay ] foroy, >y )

1 otherwise.

Note that when Yy exceeds the maximum food entittement z,, = «ay, then
G(Y; y,) equals one and the entire population will become food insecure in the next
period.

Food is produced according to a Cobb-Douglas production function with thein-
puts agricultural labour, represented by the rural population, and resources.2 Aggre-
gation over the exogenous production factors and production adjustments of the
PEDA model, as outlined above, yields the production function

Y. =T(hnh, +hSPSt)/}1 Rzﬂz , M +hg =1, )

where h, and hg denote constant values of labour efficiency of the food-insecure and
food-secure popul ation, respectively. Furthermore, we normalisethe efficiency units
andweassumethat h, < hg Thelatter assumptionisbased onthefact that “ aperson’s
consumption-intake affects his productivity” (Dasgupta and Ray 1987).° Further-
more, T indicates the constant technology parameter and R, represents the resource
stock at timet. Inaddition, 8, and 3, denote the production el asticitieswith respect to
labour and resources, respectively.

8 Inthisanalysis, we restrict ourselvesto food crops, abstaining from cash crops. Hence, mar-
kets are not modelled.

9 An empirical confirmation of the nutrition-productivity hypothesis using household-level
datafrom SierraLeoneis provided in Strauss (1986).
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Resource dynamics

The stock of resource increases by indigenous growth/regeneration and is low-
ered by poverty-driven land degradation, i. e.

R 1 =Ri+ g(R) - D(P1, Py Ry), (10)

where we assume a declining rate of regeneration. This assumption is based on a
sketch of the exploitation during cropping and the natural regeneration during the
fallow period of tropical soil in Ruthenberg (1980, p. 62). In this sketch, the fertility
of soil increases concavely over time during fallow.'® That means, the higher the re-
source stock, the lower the rate of regeneration. Hence, we assume a saturation level
or maximum level of theresource stock, R, whichisthe stationary solution of Rif the
resource is not degraded. In particular, we assume that regeneration can be repre-
sented by the difference of the maximum level, R, and the actual resource stock, R,
times the speed at which the resource regenerates, a:

gR)=a( R -Ry)

In addition, we assume that resource degradation hinges on the magnitude of
food-insecure popul ation and on the stock of available resources. More specifically,
we postul ated that the degradation functionisincreasinginall arguments. In particu-
lar Lutz et a. (2002) assume

P R

DPyP.R)= y=+P, ——, 11
(P PrRy) }/R”R+77 (11)

t

wherey and n are fixed parameters. While it is assumed that degradation increases
linearly in P,, degradation ismodelled to rise at adecreasing rate with thelevel of the
resources. This assumption reflects the fact that the higher the available resource
stock, the lesser the environmental stress. Furthermore, degradationiszeroif there-
sources are completely degraded. Similarly, if the entire population is food secure,
theresourceswill not be degraded. “ L and degradation isby no means caused only by
the poor. Irresponsible rich farmers sometimes exploit the land, but by and large,
farmerswith securetenure and capital are morelikely to conserve natural resources.
When natural disasters occur they can turn to alternative sources of income, borrow
and repay in better years. These alternatives are not open to the poor” (Young 1998).

10 Thelogistic growth function, which iscommonly used in such acontext (e. g., see Clark 1990,
Brander and Taylor 1998, Anderies 1998, 2003) would rather imply a S-shaped curve over
time.
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The focus of this paper isto analyse how the vicious circle of poverty and environ-
mental degradation can be broken. Therefore, we only model poverty-driven envi-
ronmental degradation and disregard differently motivated degradation.™*

Moreover, degradation is scaled by popul ation density in order to reflect the fact
that poverty-induced environmental degradation is reinforced by population pres-
sure. Dworak (2002) conducts a sensitivity analysis of the resultswith respect to the
functional form of the degradation function in a framework of zero population
growth. Surprisingly, the results show to be rather robust with respect to the func-
tional form of the resource equation. Furthermore, Dworak (2002, chapter 8) refor-
mulatestheresource equationin order toincorporate soil quality and quantity explic-
itly, asthey are affected differently by population pressure.

Calibration

Theparameter valuesused in theremainder of thispaper are set according to L utz
and Scherbov (2000), who calibrated their model to dataof Mali, except that the de-
gree of inequality in the food distribution, «, and the technology parameter T were
chosen such asto highlight the complexity of the dynamics. Therefore, the situation
of Mali will be separately discussed in the conclusions. However, the model studied
here extends the PEDA framework by incorporating nutritional mortality effects.
Thecalibration of the parameter valuesof themortality function and the assumptions
about fertility are described bel ow.

The time series data necessary to estimate the parameters d,,, d,, ad o are
sparseor difficult to obtain, if they even exist. For instance, thereports about the state
of food insecurity (Food and Agriculture Organization 1999, 2000, 2001), which
have appeared annually since 1999, published the depth of food insecurity for the
singlecountriesfor 1996-98 only in 2000. Hence, thereare only estimatesfor the per
capita dietary energy supply of the food-insecure and food-secure population for
1996-98. Moreover, there are no data at all about mortality by food security status.
However, thelatter constraint can be overcome by writing the crude death rate of the
total population asweighted average of the crude death rates of the sub-populations,
wheretheweights are given by the share of the respective sub-population, which are
monitored annually by the Food and Agriculture Organi sation of the United Nations,
i.e

b, P,
dt :d(y”)?l-i-d(y&)( ?jj

t t

(12)

( PP, 1-B,/P,
=d,  +d, . + .
l+exp(6(v, —¥,)) 1+exp(S(vs —¥,))

11 For the modelling of resource degradation driven by other motives (cultural, profit maximisa-
tion, etc.) see e. g., Clark (1990), Brander and Taylor (1998), and Anderies (1998, 2003),
where the natural resources range from fish to treesto soil.
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Figure 1. Graphical representation of the postulated mortality function
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Nevertheless, the datasetsaretoo sparsein order to obtain reliable parameter esti-
mates. Therefore, we have to base our parameter estimations primarily on assump-
tions than on real data. For instance, Strulik (1995) assumes that d,, and d,,, equal
0.01 and 0.1, respectively, which seem plausible for our purpose as well. Further-
more, it seemsreasonableto assumethat v, islessthan the minimum requirement of
caloriesin order to befood secure. For thefollowing simulationswe postul ate that v,
equals 0.6, which ishalf the minimum requirement in order to be food secure. Com-
bining these assumptionswith the estimatesfor the crude death rate of thetotal popu-
lation, the share of the food-insecure population, and the per capita dietary energy
supply for thefood-insecure and food-secure popul ation, respectively, yields an esti-
matefor theslope of themortality function, 9, of about 2.57. Fig. 1 plotsthemortality
function under the assumption of these parameter val ues.

Moreover, no time series data of fertility by food security status are available.
Hence, the fertility differential between the food-insecure and food-secure popul a-
tions has to be based on assumptions.

Finally, Table 1 summarises the parameter values used. As noted above, dataare
sparseand if they areavailable, their reliability hasto be often questioned.*? Thusthe
numerical simulationsrequireabroad sensitivity analysis, which will begiveninthe
next section.

12" For adiscussion on data availability and quality for Sub-Saharan Africa see Dworak (2002).
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Table 1. Summary of parameter values.

Parameter Value Description

a 0.02 Indigenous growth rate of resources

a 13 Degree of inequality

o] 0.05 Crude birth rate of the food-insecure population

bg 0.03 Crude birth rate of the food-secure population

£1 0.534 Production elasticity with respect to labour

po 0.088 Production elasticity with respect to resources

Onat 0.01 Crude death rate independent from food entitlement

Amax 0.1 Maximum crude death rate which depends on food entitlement
o 2.57 Slope of the mortality function

n 0.67 Concavity parameter of the degradation function

y 0.0089 Degradation impact factor

hy 0.2 Labour efficiency of the food-insecure population

hg 0.8 Labour efficiency of the food-secure population

R 1 Maximum resource stock

T 2.28 Technology parameter of the production function

y 12 Minimum requirement of calories

Ym 0.6 Food entitlement, where the crude death rate reaches half of its maximum value

3 Dynamics and bifurcation analysis

Putting the piecestogether, thedynamical system studied inthispaper isgiven by

PI,HI = (bl _d(y]t))PIt +G(y; Y )(Plf +PS[)
Ps,m = (bs _d(ySt))PSt +( _G(y;yt))(PIt +PS[)

P

R, ,=R+a(R-R)-y=P, R

R "R+n

(13)
(14)
(15)

In the remainder of the paper, we will proceed asfollows. First, we compute the
steady states of the difference equation system (13)—(15). By applying local bifurca-
tion theory, we determine regions of different long-run evolution of the orbits (i. e.,
multiple equilibria, quasi-periodic orbits) in the parameter spacein order to identify
the long-run effects of parameter changes.

Proposition 1 If the natural population growth rate of the food-insecure population
for a per capita food entitlement of y / « is positive, then there exists a non-trivial
steady state where the entire population isfood insecure.
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Theproof isgivenin Appendix A.2. Proposition 1 can beintuitively explained as
follows. A non-trivial steady state, where the entire population is food insecure re-
quiresthat G(Y;y, ) equalsoneand the natural popul ation growth rate of the food-in-
secure population, b—d(y,,), equalszerofor al t. If theentire popul ation isfood inse-
cure, then even the maximum food entitlement, which equalsay, assuming thefunc-
tional form givenin Eq. (6) for the Lorenz curve, isless than the minimum require-
ment y, or equivaently,

Y=y <2 vt (16

Note that if the entire population isfood insecure, the per capitafood entitlement of
the total population is per definition equal to the per capitafood entitlement of the
food-insecure population. It followsfrom Eq. (16) that the natural growth rate of the
population whichisentirely food insecure hasto belessthan the hypothetical natural
popul ation growth rate for aper capitafood entitlement of y / ¢, i.. €.,

b, ~d(y,) <b,—d(Z). 17)

If the right-hand side of Eq. (17) is negative, the natural population growth rate
would aways be negative, which contradi ctsthe requirements of anon-trivial steady
state. Hence

b,—d (Xj >0 (18)
[24

isanecessary condition for the existence of anon-trivial steady state, where the en-

tire population is food-insecure. Furthermore, if equality holds in condition (18), it

determines the critical parameter values, where this steady state ceases to exist and

the long-run share of food-insecure population may fall below one.

However, whether there exist further fixed pointswith an equilibrium share of the
food-insecure population less than one can only be determined numerically.

InFig. 2and 5, weinvestigate numerically thelong-run behaviour of the dynami-
cal system (13)—(15) by jointly changing the degree of inequality and thefertility dif-
ferential, aswell asthe crude birth rates, respectively. In particular, there exist either
one or three fixed points. As evident from Fig. 2 and 5, the orbits may become
quasi-periodic in the long run as represented by a closed invariant curve in the state
space.®

In particular, in Fig. 2 the effect of ajointly changing degree of inequality and the
fertility differential between thefood-insecure and food-secure popul ation isinvesti-
gated, where we fix the crude birth rate of the food-insecure population. At
a = 1.584, which corresponds to

13 For technical details on the bifurcation analysis see Appendix A.3.
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b[—d(ljzo
a

for the parameter values given in Table 1, the long-run behaviour changes dramati-
caly. Inparticular, thereexistsonly onefixed point, whichisstable(region @) or un-
stableand surrounded by astableclosedinvariant curve (region ©). Incontrast for «
lessthan thisthreshold, itisalso possiblethat threefixed pointsexist (regions ® and
©), where the equilibrium number of food-secure population equals zero for one of
thefixed points. Furthermore, the latter fixed point isaways stable, wherein region
® thereexistsasecond stablefixed point, whichisunstableinregion © . This sec-
ond equilibrium exhibits a high equilibrium resource stock and arel atively low pop-
ulation size, where the equilibrium share of the food-insecure population is low.

Asnoted aboveinregion ©, the uniquefixed point isunstable and the orbits con-
verge to a closed invariant curve giving rise to quasi-periodic long-run behaviour.
Fig. 3 visualises the latter in the population-resources state space, where the corre-
sponding share of the food-insecure population isindicated by the brightness of the
curve. Furthermore, Fig. 4 shows the time series on the closed invariant curve. The
dynamicscan be summarised asfollows: if thewhole populationisfoodinsecure, the
total population will decline and resources can regenerate. Once a sustainable level
of resources and population has been restored, the food-insecure population de-
clines. But whilethis share of the population declines, thetotal population will grow
in turn, which will again jeopardise the resources. As resources decrease, the num-
bers of food-insecure people increase again until the entire population isfood inse-
cureand the ‘cycle' startsover again. However, sincethe orbits on the closed invari-
ant curveare only almost periodic, the shape of thetimeseriesisnot entirely conform
over time.
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Figure 2. Bifurcation diagram with respect to the degree of inequality, o and thefertility differ-
ential between the food-insecure and food-secure population. All other parametersareset asin
Table 1. Thedot indicatesthe parameter values of o. and thefertility differential, b, — b, as-
sumed in Table 1. Thedashed curverepresentsthe pair of parameter values of o and thefertil-
ity differential, b, —b,, wheretrack of the stable closed invariant curveislost. For technical

detailson bifurcation analysis see Appendix A.3.
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Figure 3. Graphical representation of the closed invariant curvein the state space of the popu-
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Moving from the left to theright in Fig. 2 the distribution effect, which is exten-
sively discussed in Prskawetz et al. (2003), can be detected. In particul ar, Prskawetz
et al. (2003) investigate the effect of the inequality in the distribution of food in the
PEDA framework under the assumption of zero population growth and constant re-
sources. Thereby, they split the ambiguous effect of varying the degree of inequality
inadistribution and aproduction effect. In particular, anincreasein the degree of in-
equality, ceterisparibus, will intuitively increase the share of the food-insecure pop-
ulation as more food is distributed to the upper classes. However, Prskawetz et al.
(2003) demonstrate that this must not necessarily be true. It may happen that the
share of food-insecure population even decreases, as the degree of inequality in-
creases.* Inthis case, food entitlement of the poorest of the poor is shifted to the up-
per food entitlement classes, thereby increasing also the food entitlement of those
who just fall short of the minimum requirement.

Figure 4. Graphical representation of the orbitson the closed invariant curve.
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In addition, a change in the degree of inequality also effects the maximum food
entitlement oy and henceforth determineswhether the entire population will befood
insecure in the long run. In particular, as more food is distributed to the upper food
entitlement classes, the maximum food entitlement of the economy will rise (distri-
bution effect). However, as the number of food-insecure population varies due to a
change of the degree of inequality, thetotal amount of food produced and henceforth

14 Prskawetz et al. (2003) also demonstrate that the existence of such aresult can be shown for a
general food distribution function by using mean preserving spreads as introduced by
Rothschild and Stiglitz (1970).
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the maximum food entitlement vary, too (production effect). If the share of the less
efficient food-insecure people increases as a consegquence of arising degree of in-
equality, thetotal amount of food produced declinesand thuslowering the maximum
food entitlement. Summing up, if a negative production effect dominates the distri-
bution effect, the maximum food entitlement decreases and the probability that the
entire population will befood insecureinthelong run, increases. However, if thedis-
tribution effect dominates, then at least the richest person is entitled to a sufficient
amount of food to befood securein thelong run. Hence, the equilibrium share of the
food-insecure population fallsbelow oneif the degree of inequality issufficiently in-
creased (cf. Fig. 2 asa passesfromregion @ to ©).

Movingintheleft part of Fig. 2 fromthebottomtothetop (i. e., fromregion @ to
®) a second stable equilibrium emerges. In this case, the fertility level of the
food-secure population is sufficiently lower than that of the food-insecure popula-
tion implying that the natural growth rate of the food-secure population may turn
negative and there may be a positive number of food-secure peoplein the long run.
However, the negative natural population growth rate for the food-secure population
implies a continuous flow from the food-insecure to the food-secure population in
the equilibrium. Hence, for the existence of such an equilibrium a high resource
stock together with alow total population sizeisrequired.

However, theresults presented in Fig. 2 crucialy depend not only on thefertility
differential between thefood-insecure and the food-secure popul ation but al so onthe
fertility level of the food-insecure population, which was held fixed so far. Hence,
Fig. 5illustrates the change of the long-run behaviour asthe crude birth rates of the
food-insecure and food-secure popul ation are varied simultaneously. For high fertil-
ity of the food-insecure population, everybody will be food insecurein thelong run.
If the crudebirth rate of thefood-secure population issufficiently low, asecond fixed
point with alow total population size but with a positive share of the food-secure
population emerges. A low crude birth rate of the food-secure population inthe pres-
enceof highfertility level sof thefood-insecure popul ation may decreasethe share of
the food-insecure population in the long run but simultaneously implies also alow
total population in equilibrium. The long-run behaviour drastically changes if the
crude birth rate of the food-insecure population falls below ahypothetical death rate
for a per capitafood entitlement of y / « for the food-insecure population, i. e.,

b, <d(ai),

which correspondsto b, <0.04in Fig. 5. Then thereiseither astablefixed point with
a positive number of food-secure population or, for higher fertility levels of the
food-secure popul ation, thereisan unstabl efixed point surrounded by astableclosed
invariant curveasillustrated in Fig. 3and 4. Consequently, low fertility levelsof both
sub-populations promote sustainable development. However, we did not consider
crude birth ratesbelow 0.01 in our analysis, sincefor such low fertility ratesthe pop-
ulation will be extinct in the long run. Proposition 2 summarises the findings.
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Proposition 2 Low fertility levels of the food-secure population in the presence of
high crude birth rates of the food-insecure population increase the chances for sus-
tainable devel opment by eventually decreasing the long-run share of the food-inse-
cure population but simultaneously imply a low total population in equilibrium.
Only low fertility levels of both sub-populations yield sustainable development for
all initial values.

Figureb5. Bifurcation diagram with respect to the crude birth rates of the food-insecure and
food-secure population. All other parametersareset asin Table 1. Thedot indicatesthe param-
eter valuesof b, and b, assumed in Table 1. The dashed curverepresentsthepair of parameter
valuesof thebirth ratesb,and b, wheretrack of the stable closed invariant curveislost. For
technical details on bifurcation analysis see Appendix A.3.
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4 Conclusions and extensions

Thispaper introduces and analysesadynamic model of population and natural re-
sources, wherethe popul ation issplit into two sub-groups according to their food se-
curity status. Thelatter isdetermined by ahistorically givenfood distribution and by
the endogenousfood production with agricultural labour and natural resourcesasin-
puts, wheretheresource stock isreduced by poverty-driven land degradation. More-
over, weincorporate nutritional effects on labour productivity and mortality and we
assume different fertility levelsfor the food-insecure and food-secure popul ation.

Asnoted earlier, thismodel is calibrated according to datafrom Mali, except for
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the degree of inequality and the technology parameter. In particular, Mali exhibitsa
degreeof inequality inthedistribution of food that isabout twiceashigh asour base-
line level given in Table 1. Consulting Fig. 2, Mai would lie rather in region@,
where there exists a unique stable fixed point with an equilibrium share of the
food-insecure population less than one. Furthermore, the baseline level of the tech-
nology parameter is somewhat lower than the estimate used in the original PEDA
model (Lutz and Scherbov 2000). A higher value of the technology parameter, cet-
erisparibus, would yield higher food production levelsand alower share of food-in-
secure population. Hence, our model does not predict Mali to be doomed for the
future.

But as noted above, data to estimate parameters are sparse, and even if they are
available, their reliability may be questioned. In particular, there are no time series
data, to our knowledge, on fertility by food security status. Therefore the estimate of
the parameter values of thefertility differential between food-insecure and food-se-
curepopul ation hasso far been based rather on assumptions. If our assumptionswere
too optimistic, our model may predict that Mali would belocked inlong-run oscilla-
tions where the entire popul ation is repeatedly food insecure.

From amethodological perspective, our framework isclosely related to the work
dealing withincomedistribution and differential fertility in the context of investment
in human capital.

For instance, Kremer and Chen (1999) show that the positive feedback between
fertility differentials and income inequality may lead to multiple steady states of the
long-run distribution of skilled and unskilled population. Translating the skilled and
unskilled population into food-insecure and food-secure population, where labour
productivity depends on the nutritional status, enables us to compare our results to
Kremer and Chen (1999), Galor and Zeira (1993) and others.

Asnoted earlier, themodel of Kremer and Chen (1999) differssubstantially from
our framework by the assumption of endogenous fertility and that they are consider-
ing steady states of the ratio of unskilled to skilled population rather than steady
states of the stocksof the unskilled and skilled population. Recalling that we are con-
sidering a framework of limited resources and constant technology, the population
has to become stationary in order to obtain a steady state.

In contrast to the assumption of endogenousfertility by Kremer and Chen (1999),
PEDA considersdifferent, though constant, fertility levelsfor the food-insecure and
food-secure population, respectively. Therefore, overall fertility rates vary only
through compositional changes of the population.

However, what Kremer and Chen (1999) and the PEDA framework have in com-
mon isthat they impose an exogenously given distribution of education costsin the
case of Kremer and Chen (1999) and of food in the PEDA model. This exogenously
defined distribution mainly governs the dynamics of the long-run population
distribution.

In contrast, Galor and Zeira (1993) explore the relationship between wealth dis-
tribution and investment in human capital in an overlapping generations framework
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with intergenerational altruism, wherethewealth distribution endogenously evolves
over timeviabequests. They a so find that thelong-run distribution of skilled and un-
skilled workers depend on the initial wealth distribution. However, Galor and Zeira
(1993) derive multiple equilibria of the long-run distribution of the skilled and un-
skilled population in a framework of zero population growth. Similarly, Dworak
(2002, chapter 5) finds multiple steady states of the long-run distribution of the
food-insecure and food-secure population in the reduced-form derivative of the
PEDA model under the assumption of zero population growth for both sub-popula-
tions. Hencein Galor and Zeira(1993) and Dworak (2002, chapter 5), multiple equi-
libriaare mainly generated by the positive feedback between theincome/food distri-
bution and labour productivity depending on the educational/nutritional status
within aframework of stationary populations.

Maintaining the assumption of differential population growth for the food-inse-
cure and food-secure population but setting aggregate population growth to zero,
Dworak (2002, chapter 6) identifiesthat differential population growth only affects
the domain of attraction of the respective steady states. Adding aggregate, exoge-
nous population growth reduces the number of equilibria to a unique steady state.
However, thisunique steady state may be unstableand the orbitseither tend to unlim-
ited population growth while resources become extinct or total population size ap-
proaches zero while resources tend to their maximum level in the long run (Dworak
2002, chapter 6). Assuming endogenous death rates prevents that the population
grows unlimited in the long run and henceforth allows multiple equilibria again.
Moreover, if the exogenous birth rate exceeds the exogenous death rate of the
food-insecure population, the orbits may become quasi-periodic in the long run
(Dworak 2002, chapter 6). The latter results also hold for endogenous mortality.
Hence, adding aggregate popul ation growth may cause oscillations of the population
stock, the numbers of food-insecure population and the resourcesin the long run.

Theaim of thispaper wastoidentify theroleof differential fertility of thefood-in-
secure and food-secure popul ation within aframework of unequal accesstofood. We
find out that a higher fertility differential in terms of the difference of the fertility
level of the food-insecure population minus that of the food-secure popul ation may
decrease the steady state numbers of food-insecure population, but the latter is
mainly driven by the degree of inequality and the respectivefertility levels. In partic-
ular, only low fertility levelsfor both sub-populations promote sustai nabl e devel op-
ment in terms of positive levels of resources and population and independent of the
initial distribution of food-secure versus food-insecure population.

Theseresultshighlight therole of population growth asit islinked to poverty. As
we demonstrate, food insecurity may even persist in astationary population with an
unequal distribution of food, where population growth exacerbates poverty. In our
framework, fertility reductionsof thefood-insecure and food-secure popul ation mit-
igatethe stress on resources and subsequently onfood production. Thelatter resultis
a prominent claim of classical economics. However, it is even acknowledged by
some of the neoclassical economists, who regard high population growth asaneutral
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factor, “that fertility reduction can buy time while resource substitutes are found or
market or institutional inefficiencies are addressed” (Jolly 1994).

In the PEDA framework, the institutional settings are only reflected by the as-
sumption of ahistorically given unequal food distribution. However, nojustification
is given for the underlying assumptions about the institutions (e. g., property re-
gimes, accessto markets), although theinstitutional settingsreflect thetransition be-
tween the food-security statesaswell asthe resource equation, particularly, the deg-
radation function. Beaumont and Walker (1996) nicely addressthelatter, investigat-
ing the optimal choice of labour input and intensity of farming under different prop-
erty regimes. Dworak (2002, chapter 8) proposes a reformulation of the resource
equation by distinguishing between quantity and quality of soil asthey arereflected
differently by population pressure. A combination of these two approaches would
substantially improve the modelling of the resource side in the PEDA framework.

Another drawback of the PEDA framework isthat the degree of inequality isheld
constant over time. Galor and Zeira(1993) present an endogenously evolving wealth
distribution by the means of micro-foundation of bequests. Theincorporation of be-
quests together with the property regimes would make the PEDA framework much
morerealistic.
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A Appendix
A.1 Derivation of equation 4

Asalready stated above, the Lorenz curve L(F(2)) plots cumulative shares of in-
comeasafunction of cumulative population sharesF(z) when individual sareranked
inincreasing order of income z (Lam 1988, p. 143 ff.).

Consequently, the Lorenz curveis amonotonically increasing and convex func-
tion, where L(0) = 0and L(1) = 1 (see Chotikapanich 1993, Ogwang and Rao 1996).
Furthermore, the Lorenz curve fulfills (Chotikapanich 1993)

O0<L(F(2))<F(2)<l. (A1)
A mathematical representation of the Lorenz curve can be derived asfollows. Given

anincomedistribution function with density function f(x), the horizontal axisof the
Lorenz curveis given by the cumulative distribution function

F(2)= joz F(x)dx (A.2)
and the vertical axisisgiven by the first moment distribution function
L(F(2)) = lr x f(x)dx = l[zF(z) - j F(x)dx} (A.3)
yoo y 0

wherey denotesthefirst moment of thedensity function f (i. e., themeanincome/en-
tittlement). The second identity has been derived by applying partial integration (see
Atkinson 1970, Lam 1988). Differentiating equation (A.3) with respect to zyields

AL @) 1, a0 (A4)
dz y

Furthermore, the following condition holds
dL(F(z)) dL(F(z))dF(z) dL(I'(2))

iz o) dre 0@ (A-9)
Combining equations (A.4) and (A.5) yields
dL(F(z)) 1
ARG (A-6)
or equivalently
CAGIC) ) z (A7)

dr(z) y-
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Thelast equality establishesthe assertion that the slope of the Lorenz curveisin-
versely proportional to the mean incomeyy.

A.2 Proof of proposition 1

The computation of the steady statesis constrained to the casey > ay since the
share of the popul ation falling short of the subsistencerequirement G(y; y, ) equals1.
For y > ay thefixed points have to be determined numerically.

Taking

PJ,H =P, =F andps,m =P, =P Vt
into account, equations (13)—(14) simplify to

(b, —d(y)) P+ P =0 (A.8)
(by —d(ys)) P, — P, =0. (A.9)

Eq. (A.9) yieldsthat either the equilibrium number of food-secure population equals
zero or that the natural population growth rate of the food-secure population equals
one. For plausible parameter values one can disregard the latter case.

Furthermore, Dworak (2002, chapter 5) demonstratesthat thereisaunique nega-
tive relationship between the numbers of food-insecure population and the resource
stock for agiven number of food-secure population.

Moreover, the equilibrium number of the food-secure population equalling zero
impliesthat either also thefood-insecure population equalszerointheequilibrium or
the natural population growth rate of the food-insecure equals zero from equa-
tion (A.8). However, theright-hand side of the difference equation system (13)—(14)
isnot defined for azero total population size.

The condition of zero natural population growth for the food-insecure population
implies that the per capitafood entitlement of the food-insecure population equals
the following expression

5 b[ - dnat

The equation above exhibits aunique solution for Rtaking a so the negativerel ation-
ship between Rand P, into account.

For the existence of thefixed point, the equilibrium values haveto fulfill the con-
ditiony > ay(P, ,0,R) . However, sincethe number of food-secure population equals
zero, the per capitafood entitlement of the food-insecure population equal s that of
thetotal population,i.e.,y, =Y. Hence, thecondition above may betransformedto

l>y, :ym+lln( e —1), (A.11)
a o

y](PA/:())R):ym_I_lln(h_lj . (Alo)

1 nat
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whichisequal to
b, —d(yla) > 0.

A.3 Technical details of the bifurcation analysis

Asevident from Fig. 2 and 5, we have either one or three fixed points. In general,
the regions of the differing number of fixed points are separated by fold curves,
which collide in a Cusp point. Furthermore, the stability of the fixed point changes
and a closed invariant curve emerges when passing the Neimark-Sacker curves,
which areabbreviated by ‘NS inFig. 2and 5, witha'+' or ‘' in the subscript denot-
ing whether the Neimark-Sacker bifurcation is subcritical or supercritical, respec-
tively.® Furthermore, the fold and the Neimark-Sacker curve meet tangentially in a
strong resonance bifurcation 1:1 (denoted by R1 : 1).%°

However, at ¥ =ay, (P, ,0,R) whichisequivalent to

bld(ljzo,
[24

theright-hand side of the equation system (13)—(15) isnot differentiable. Hence, the
bifurcation behaviour cannot be inferred from the multipliers of the fixed point and
therefore has to be determined by observing orbits.

For instance, passing from region @ to © by crossing b, —d(y / «)=0, the
uniquefixed point losesitsstability and simultaneously an attracting closed invariant
curve emerges, which is characteristic for a supercritical Neimark-Sacker bifurca-
tion. Furthermore, passing from ® to @, the stabl efixed point with zero food-secure
population and the unstable fixed point collide and vanish similar to afold bifurca-
tion. Finally, when passing from © to ©, it seemsthat both bifurcationsoccur, i. e.,
the stable and the unstable fixed points collide and vanish and a stable closed
invariant curve appears.

Furthermore, inregion © thefixed point isunstableand the orbits convergetothe
closed invariant curve. Moving from region © to region @, the fixed point under-
goes a sub-critical Neimark-Sacker bifurcation, where the fixed point becomes sta-
ble and an unstable closed invariant curve emerges (Kutsnetsov 1998). Shortly after
passing the sub-critical Neimark-Sacker bifurcation, however, thetrack of theclosed
invariant curveislost and the unique equilibriumisglobally stable. Thelatter isindi-

15 At asupercritical Neimark-Sacker bifurcation the fixed point loses its stability and a stable
closed invariant curve emerges. In contrast, at a subcritical Neimark-Sacker bifurcation, the
fixed point becomes stable and an unstabl e closed invariant emerges.

16 Furthermore, an infinite number of Arnold tongues may be rooted along the Neimark-Sacker
curve. According to Kutsnetsov (1998), there may al so exist transversal homoclinic structures
in an exponentially narrow parameter region bounded by two smooth curves of homoclinic
tangencies. In addition, the fold curves delimiting the Arnold tongues accumulate on these
homoclinic tangencies curves (Kutsnetsov 1998).
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cated by adashed curveinFig. 2 and 5. It seemsthat thereoccursacollision of theun-
stable and the stable closed invariant curves leaving the then globally stable fixed
point. But contrary to continuous-time models, such abifurcation of closed invariant
curvesisnot well-defined away from the Neimark-Sacker bifurcation, though “there
exists a complicated (but narrow) bifurcation set related to the ‘collision’ of two
invariant curves’ (Kutsnetsov 2002).

Another limitation on the bifurcation analysis is imposed by the fact that the
right-hand side of the equation system (13)—(15) isnot differentiableat all pointsand
thus backward iteration is not possible everywhere. Therefore, further unstable
closed invariant curves may exist but cannot be detected or, if their existence is de-
tected by subcritical Neimark-Sacker bifurcations, they cannot be continued as the
parameters change.
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