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Abstract

In this paper, for the congruences generated by the tangents to the lines of
main curvature on a surface, necessary and sufficient conditions that the
straight lines of these congruences are preserving the lines of curvature
on their focal surfaces are derived and explained. Finally, two rectilinear
congruences are introduced and investigated.

1. Introduction

The ambient space is the Fuclidean space E° and for our work we have
used [1,3,0] as general references. Let the vector function r = r(#, ») repre-
sent a regular surface ® and suppose that the parameters u, vare curvature
parameters, 1.e. the elements g12 and /1, of the first and second fundamen-
tal forms vanish identically (g2 = A1z = 0).

A line congruence in the Fuclidean space E£° is represented by the
vector equation

R(uyv,t) = t(u,0) + td(u,v),# € R (1.1)

where r (#,v) is its base surface (the surface of reference) and d(, ») is the
unit vector giving the direction of the straight lines of the congruence.
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Consider now the unit vector e;(#, ), e2(#,v) of the tangents of the
parametric curves » = const., # = const. and the unit vector es(#,») of
the normal to the sutface ® at any arbitrary regular point, then we have

€ —e X e (1.2)

T
Ve ya
which are invariant functions on the sutface and X is the usual vectorial

product in F°.

Since the parameter net consists of lines of curvature on this surface
we can calculates ds = /211 dn,d’s = /g2 dv, the arc-length parameters
of the curves v=const., #= const., respectively. The moving frame
{e, = e;(w,v),7 = 1,2,3} on the surface P at every regular point is then
called DARBOUX frame. Hence, by means of the derivatives with respect to
the arc-length parameter of the curves » = const. with tangent e; on the
surface, the derivative formula with respect to the DARBOUX frame, may
be stated as:

8 €1 0 q £k €
% € == —q 0 0 € |, (13)
€3 —& 0 0] |es
where £ = %,q = % are the normal and geodesic curvatures of

the curves »=const. respectively. Similarly, the derivative formula of
the DARBOUX frame of the curves »= const. with tangent e, on the
surface is

a €1 0 ? (_) €
% € = —é 0_ Vg € |, (1 4)
€3 0 —£ 0 €3

hp = (g2),

22 4= 2g0+/211

curves #= cost. on the surface. Here, g and 4;; are the coefficients of
the first and second fundamental forms of the surface P.

Since, £, &, g, q are invariant quantities of the curvature lines on the
surface P, then these invariants and their derivatives must fulfie the
Gauss-Codazzi equations, [1].

also, £ = have the same meaning as in (1.3) for the

2. Main Results

It is known that on every regular surface there exists an orthogonal net
such that the tangents to the surface along one family of this net form a
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congruence, having this surface as one of its focal surfaces. Thus, we have
the congruences:

T : S_('(%, v,t) = t(u,0) + te(u,v), (2.1)

Ty Y(uyv,t) = t(u,v) + tex(u,v), (2.2)

in view of (1.1). Such congruences are generated by these tangents of the
sutface ¢ which belong to the DARBOUX frame at any regular point.

At first, we will investigate the congruence T7. The equation of the
focal surfaces are obtained by equation (2.1) if we substitute in it succes-
sively the roots of the quadratic equation

Y, Y, Y] =0, (2.3)

where Y, =1,+ e, Y, =1, + te,, Y, = €[2]. In virtue of (1.3),
(14), the equation of the focal sutfaces, ®; = @, &, are:

Ot =r1(n0), Py z(n,0) = t(n,0) — %61(%, »),(g#0). (2.4)

From this we obtain that the second focal surface @, is really different
from ®.

Now we prove that the torsal surfaces of T touch the focal surfaces
along lines of curvature. For this purpose here, first we need the follow-
ing derivatives:

0z  (7°+q1) 1

z = —as = 7@2 €1 —g(qez + /ée3),
_ (2.5)
82 9
Z) — —= = —¢
2 95 gz 15

by using (1.3), (1.4). Hence the unit normal vector of the focal sutface ®; is
71 X2y  —key+ qge;
lz1 X zaf| (/% + 42

From (2.6) we see that h is the instantaneous screw axis (I.S.A) of Dar-
boux’s frame along the curves » = cost. on the sutface .
Hence the following theorem can be formulated:

(2.6)

Theorem (2.1). During the motion of the DarBoux frame along
a line of curvature on a regular surface the I.S.A. is intersected ortho-
gonally by the instantaneous tangent to this line of curvature. The posi-
tion vector of the intersection point on this tangent is the center of
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geodesic curvature of that line of curvature which is orthogonal to the
path of the DarBOUX frame.
Also, in view of (1.3), (14), form (2.6) we have that:

b _%_ q1k — gk ge, + kes
'S k2 + g2 \/m’

h _%_Le +/é<q1+q2> qgex + ke3 |
T erg TR Vet g

It is known that the necessary and sufficient condition that a curve on a

surface be a line of curvature is that the surface normal along this curve

forms a developable surface. Therefore, respectively, we immeditaly derive
from (2.5) and (2.7) that

k(gik — k1) (@ + q1) = 0,k5:(q1 +3°) =0 (2.8)

are the necessary and sufficient conditions that the curves » = const.,
u#= const. are lines of curvature on the surface P,.
For the congruence T5, according to KUMMER, the focal surfaces are:

(2.7)

- _ 1
O =D, D, : 3(u,0) = t(u,0) +—ex(u,v), (2.9)
9q

where q7#0 and the unit normal of the second focal surface is
/éel + g€;3
In the same manner, respectively, we get:

k(G2k — Gk2)(° = ¢2) =0, kqi(g” — g2) =0, (2.11)

as the necessary and sufficient conditions that the curves #= const.,
v = const. are lines of curvature on the surface ®».

We will now investigate the conditions (2.8) and (2.11) in detail. For a
surface on which the net is the orthogonal net of lines of curvature we
have:

h = (2.10)

(i) if £ =0, % = 0, then the surface is a developable ruled surface,

(i) if ¢ = 0,g = 0, then the surface is called a moulding surface [3],
(iii) if £1¢ — &q1 = 0, k2g — k7, = 0, then the surface is formed from
plane curves, and
(iv) if & = 0, &> #0 or k> = 0,410, then the surface is called canal
surface.
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To make sure that the second focal surface of T is non degenerate we
have to exclude developable(ruled) surfaces and moulding sutfaces as base
surfaces ®. This means that ¢ # 0 and ¢ # 0. It is known that for the
developable ruled surfaces one of the families of lines of curvature con-
sists of the generators of the surface. If the DARBOUX frame translates
along one generator, then the I.S.A. does not exist and consequently,
hand h are not defined. Therefore we exclude developable surfaces as base
surfaces ® which means that we assume ¢ # 0,4 7 0. Since the families
of lines of curvature on a moulding surface are plane curves, ® cannotbe
amoulding surface, thatis ¢ # 0,7 # 0 (In fact we imposed ¢ # 0,4 # 0
in equations (24), (2.9)). On the other hand, since the families of lines of
curvature will also be plane curves, then the surface ® cannot posses these
families, that is £1g — £¢; = 0, kg — £g, # 0. Finally, the family of lines
of curvature on the canal surface are plane curves. Hence the following
theorem is proved:

Theorem (2.2). For the congruences generated by the tangents to the
lines of curvature on a surface, the necessary and sufficient conditions that
their torsal parameter surfaces touch the (non degenerated) focal surfaces
along lines of curvature are:

7’+751=0, ¢—q=0. (9#0,3#0) (2.12)

2.1, Curvatures of the Focal Surfaces

Ifg /Zk (i = 1, 2) are the elements of the first fundamental forms of the focal
surfaces, defined by equations (2.4), (2.9) respectively, from (2.5) we obtain
that

a1(g” + &%) 2275
g%l = 7’ ’gllz = ngéz = 7 2 ) (2.13)

and similarly from (2.9), we have that

2 =2 72
224 22(7° + &%)
g5 = / Lgh=0, g3= — (2.14)

Since the parameter curves on the focal surfaces are lines of curvature, we
may write:

ds; = \[gdu, d5i=\/ghdv, (i=1,2) (2.15)

as the arc-length parameters of the curves » = cost. #= const., respec-

tively. If we consider now, f; = Z, f, = Z_ the unit vectors of the

)
V i &
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tangents of the parameteric curves on the focal surface (2.4), then {f,,f>,h}
is the conr/lgected Darboux frame trihedron on this surface, where
fi=— ‘:er—:z’fz = e and h = f; X f,. According to the above, f, f,
are called the principal directions on the focal surface (2.4). In fact, using
the derivatives of h are formed with respect to 5y, 51, equations (2.7) get

the form:

oh 0Oh Os gk —qki)

3_51_5 851 (/é2+q2)3/2 15

oh  oh 95 kg’ c

95 95 I g /Rt g2
Hence we find, from (2.16), that the Gaussian and mean curvatures of the
focal surface (2.4) are:

(2.16)

kg (qik — gk
K:—M, (2‘17)

(8 + ¢7)°
and

7|72(gk1 — quk) + kg* (k> + 47)
H = : (2.18)
25(k2 + ¢2)*?

The same argument is valid for the surface defined by (2.9), hence the
Gaussian and mean curvatures are:

kg% (g2, — gka)

K : (2.17)
7 (k2 +3%)°

K =
and

1@k - k) + Rg2(2* + 77)|

H=_ !
2¢1 (k2 +72)"?

(2.18)

Hence, from (2.17) and (2.17)" the following theorem is proved.

Theorem (2.3). For the congruence generated by the tangents to the
lines of curvature on a surface, their torsal parameter surfaces touch the
(non degenerated) secand focal surface along lines of curvature, the
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base surface can neither be a canal surface, nor a moulding surface or a
non developable surface. The second focal surface cannot be a develop-
able or moulding or canal type either.

3. The Instantaneous Rectilinear Congruences

Let us start again with the regular surface ® defined at the beginning of
our work. It is known that the consecutive normals along a line of curva-
ture intersect, the points of intersection being the corresponding center
of curvature. The locus of the centers of curvature for all points of the
surface is called the surface of centers of centra-surface of. It consists of
two sheets, corresponding to the two families of lines of curvature.
Therefore, the equations of those surfaces are:

U y(n,0) = £, ) +@e3(ﬂ, ), (3.1)
B §0,0) = £(o) + = (: ) (3.2)

The problem we are going to investigate is the following: By the motion
of Darboux’s frame on the surface ® there are two rectilinear congruences
generated by the instantaneous screw axes (, v), h(u, »).

First we deal with vectors in the Fuclidean space E° from the purely
geometrical point of view. For this purpose, consider the line joining the
points of the surfaces ¥, ®, (defined by equation (2.9)): if 7 is designated
as the initial point while the other endpoint y as the terminal point, and
we have the oriented segment

Zy =y — z. (3.3)

From (3.3), the unit vector ;—z along this segment, is the instantaneous
screw axis h(z,v), defined by equation (2.6). The same can be done for the
surfaces ¥, @, (defined by equation (2.4)).

Therefore we can introduce the following rectilinear congruences:

1
mez(%, v) + th(u,v), (3.4)

- 1 _

I:Q(uy0,2) = t(u,v) — mq (#,0) + th(u,v), (3.5)

I:Q(uyv,2) =t(n,0) +
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31. Properties of the Congruence 1, I

It e, 1, g; a,bV ¢ are the coefficients of the first and second fundamental
forms of I, in Kummer’s sense, we have from equations (2.7), (2.9) that

¢:=(h,h,)
2
q1k — gk
= h;.h;) = E S
g11< 1 l> gll</é2+q2> ,
f = <hmhv>
k(qik— gk1) (1 +7°)
= e g2 (hi, hy) = /g1 g0
(& + )
g:=(h,h,)

K7+ )+ (@ + 7))

= 822<h2, h2> =4»

(8 +4%)° ’
and
a:=(h,,z,)
_ k— gk
= gi(hi,z1) = — M—q1(q1 qgiz)a
9(& + )
b:=(h,,z,)
. (q14 — gk1) (@1 +7°)
= V2 g2(hi,22) = /21182 EEEE
V:=(h,z,)
_ kg1 (g + 7°)
= Vangn(hy, z1) = =/t ————57>
98 + )"
¢:=(h,,z,)

K@ +7) +7 (& + )]
7R + 2

=go(hy,22) = —g»

9

)

(3.7)

The same calculations can be valid for the rectilinear congruence I
Therefore, if ¢, f,g;a,b,b',¢ ate the coefficients of the first and second
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fundamental forms of I, we have

FlPE+7) +(° — )] )
)’

¢ = g11 = )
¢ (&% + g2
= k(7:k — 72) (77 — 02) /
= 11422 = , 3.6
f=eng @172 (3.6)
o <Q2é —qéz)z
g 22 /é2+§2 9 J

and

\

@* =) — ¢*(&* +7°)]
9(&* +72)""

k32(9° — 92)

g(&2 +77)"

(2k — 3k2)(9° — 92)

a=gn )

S
Il

L1422

V= \/max

9(&* +7)"""
ey 72(92k — Gk2)
— L2 = /5 °
(&2 + 72" )

It is clear now from equations (3.7), (37) that b = ¥/ = Oand b =/ =
i.. the rectilinear congruences I, I are of normal type if and only if con-
dition (2.12) is satisfied.

Hence the following theorem is proved:

Theorem (3.1). Consider a rectilinear congruence generated by the
tangents to a surface along one set of lines of curvature. If the generators
of this congruence are preserving the lines of curvature on their focal
surfaces, then the L.S.A. of the Darboux frame, along this set of lines of

curvature, will generate a normal rectilinear congruence, i.e.
b=1 =0[6].
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