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Abstract

In a recent paper Aleksandar Cvetkovi�cc, Predrag Rajkovi�cc and Miloš Ivkovi�cc proved
that for the Catalan numbers Cn the Hankel determinants of the sequence Cn þ Cnþ1

are Fibonacci numbers. Their proof depends on special properties of the cor-
responding orthogonal polynomials. In this paper we give a generalization of their
result by other methods in order to give more insight into the situation.
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1. A Survey of Known Results

The classical Fibonacci polynomials Fnðx; sÞ ¼
Pn�1

k¼0

�
n�1�k

k

�

� xn�1�2ksk are intimately related to the Catalan numbers

Cn ¼ 1
nþ1

�
2n
n

�
: The Fibonacci polynomials Fnðx; 1Þ, n > 0, are a basis

of the vector space of polynomials. If we define the linear
functional L by LðFnþ1Þ ¼ �n;0 then we get Lðx2nþ1Þ ¼ 0 and
Lðx2nÞ ¼ ð�1ÞnCn.

We will now sketch how this fact can be generalized.



Given any sequence t ¼ ðtðnÞÞ1n¼0 of positive real numbers we
define the t-Fibonacci polynomials (cf. [5]) by

Fnðx; tÞ ¼ xFn�1ðx; tÞ þ tðn� 3ÞFn�2ðx; tÞ ð1:1Þ
with initial conditions F0ðx; tÞ ¼ 0, F1ðx; tÞ ¼ 1.

If s is a real or complex number and tðnÞ ¼ s for all n 2 N this
reduces to the classical Fibonacci polynomials Fnðx; sÞ introduced
above.

The first terms are

F2ðx; tÞ ¼ x; F3ðx; tÞ ¼ x2þ tð0Þ; F4ðx; tÞ ¼ x3þ xtð0Þ þ xtð1Þ; . . .
We state for later purposes the recurrences for the subsequences with
even or odd indices.

F2nðx; tÞ ¼ ðx2 þ tð2n� 4Þ þ tð2n� 3ÞÞF2n�2ðx; tÞ�
� tð2n� 4Þtð2n� 3ÞF2n�4ðx; tÞ ð1:2Þ

and

F2nþ1ðx; tÞ ¼ ðx2 þ tð2n� 3Þ þ tð2n� 2ÞÞF2n�1ðx; tÞ�
� tð2n� 3Þtð2n� 4ÞF2n�3ðx; tÞ: ð1:3Þ

The polynomials Fnðx; tÞ, n > 0, are a basis of the vector space P of
all polynomials in x. We can therefore define a linear functional L on
P by

LðFnÞ ¼ �n;1: ð1:4Þ
Let F̂Fnðx; tÞ ¼ Fnðx;tÞ

tð0Þtð1Þ���tðn�2Þ :
Then we have

xF̂Fn ¼ tðn� 1ÞF̂Fnþ1 � F̂Fn�1:

Define now the numbers an;k ¼ ð�1Þd
nþk

2
e
LðxnF̂Fkþ1Þ, where dxe de-

notes the least integer greater than or equal to x.
They satisfy

a0;k ¼ �0;k

an;k ¼ an�1;k�1 þ tðkÞan�1;kþ1 ð1:5Þ
where, an;k ¼ 0 if k < 0.

They have an obvious combinatorial interpretation. Consider all
nonnegative lattice paths in R2 which start in ð0; 0Þ with upward steps
ð1; 1Þ und downward steps ð1;�1Þ. We associate to each upward
step ending on the height k the weight 1 and to each downward step
ending on the height k the weight tðkÞ. The weight of the path is the
product of the weights of all steps of the path. Then an;k is the weight
of all nonnegative lattice paths from ð0; 0Þ to ðn; kÞ.

144 J. Cigler



It is clear that a2nþ1;0 ¼ 0. If we set a2n;0 ¼ CnðtÞ, then CnðtÞ,
which we call a t-Catalan number (cf. [4]), is an analogue of the

Catalan number Cn ¼ 1
nþ1

�
2n
n

�
, because it is well known that the

number of such paths equals Cn.
It is easy to give a recurrence for these t-Catalan numbers. To this

end decompose each lattice path from ð0; 0Þ to ð2n; 0Þ into the first
path which returns to the x-axis and the rest path. The first path goes
from ð0; 0Þ to ð2k þ 2; 0Þ, 0 � k � n� 1, and consists of a rising
segment followed by a path from ð0; 0Þ to ð2k; 0Þ (but one level
higher) and a falling segment.

Thus

CnðtÞ ¼ tð0Þ
Xn�1

k¼0

CkðEtÞCn�k�1ðtÞ; C0ðtÞ ¼ 1: ð1:6Þ

Here Et denotes the shifted sequence Et ¼ ðtð1Þ; tð2Þ; . . .Þ.
This is an analogue of the recursion

Cn ¼
Xn�1

k¼0

CkCn�k�1; C0 ¼ 1;

for the classical Catalan numbers.
Since

Lðx2nþ1Þ ¼ 0 and Lðx2nÞ ¼ ð�1ÞnCnðtÞ we get

Theorem 1. Let L be the linear functional on the vector space P of all
polynomials defined by (1.4). This can be characterized by

Lðx2nÞ ¼ ð�1ÞnCnðtÞ; Lðx2nþ1Þ ¼ 0 ð1:7Þ
for all n 2 N.

This theorem (cf. [5]) gives a connection between t-Fibonacci
polynomials and t-Catalan numbers. The purpose of this paper is to
show another connection between these numbers.

First we propose an elementary method using LU-factorization (cf.
e.g. [8], where also other methods for treating Hankel determinants
are listed). To this end we generalize two well-known triangular
Catalan matrices (cf. e.g. [1, 4, 9]):

Let

cðn; kÞ ¼ a2n;2k: ð1:8Þ
This gives cðn; 0Þ ¼ CnðtÞ.
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Then it is clear that the following recursion holds:

cð0; kÞ ¼ ½k ¼ 0�
cðn; 0Þ ¼ tð0Þcðn� 1; 0Þ þ tð0Þtð1Þcðn� 1; 1Þ; n > 0;

cðn; kÞ ¼ cðn� 1; k � 1Þ þ ðtð2k � 1Þ þ tð2kÞÞcðn� 1; kÞþ
þ tð2kÞtð2k þ 1Þcðn� 1; k þ 1Þ; n > 0; k > 0: ð1:9Þ

We may interpret cðn; kÞ as the weight of another sort of nonnegative
lattice paths from ð0; 0Þ to ðn; kÞ with upward, downward and
horizontal steps, where each upward step has weight 1, each
downward step ending at height k has weight tð2kÞtð2k þ 1Þ and
each horizontal step in height k has weight tð2k � 1Þ þ tð2kÞ. Setting

ccðn; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð0Þtð1Þ � � � tð2k � 1Þ

p
cðn; kÞ ð1:10Þ

we get another weight on these lattice paths which is symmetric, i.e.
upward steps and downward steps between the same heights have the
same weight. Furthermore we have ccðn; 0Þ ¼ cðn; 0Þ ¼ CnðtÞ. They
satisfy

ccð0; kÞ ¼ ½k ¼ 0�
ccðn; 0Þ ¼ tð0Þccðn� 1; 0Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð0Þtð1Þ

p
cðn� 1; 1Þ; n > 0;

ccðn; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð2k � 2Þtð2k � 1Þ

p
ccðn� 1; k � 1Þþ

þ ðtð2k � 1Þ þ tð2kÞÞccðn� 1; kÞþ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð2kÞtð2k þ 1Þ

p
cðn� 1; k þ 1Þ; n > 0; k > 0:

ð1:11Þ
If we decompose a lattice path from ð0; 0Þ to ðmþ n; 0Þ into a path
from ð0; 0Þ to ðm; kÞ and a second path from ðm; kÞ to ðmþ n; 0Þ, then
the weight of the second path is identical with ccðn; kÞ because of the
symmetry. This gives the identity

X

k�0

ccðm; kÞccðn; kÞ ¼ ccðmþ n; 0Þ ð1:12Þ

or equivalently
X

k�0

cðm; kÞcðn; kÞtð0Þtð1Þ � � � tð2k � 1Þ ¼ cðmþ n; 0Þ ¼ CmþnðtÞ:

This may be interpreted in the following form:
Consider the triangular matrices

Pn ¼ ðccði; jÞÞn�1
i; j¼0: ð1:13Þ

146 J. Cigler



Then

PnPt
n ¼ ðCiþjðtÞÞn�1

i; j¼0: ð1:14Þ
This leads immediately to the determinant of the Hankel matrix

det ðCiþjðtÞÞn�1
i; j¼0 ¼ detPnPt

n ¼
Yn�1

k¼0

tð0Þtð1Þ � � � tð2k � 1Þ ð1:15Þ

For the second Catalan matrix let

dðn; kÞ ¼ a2nþ1;2kþ1: ð1:16Þ
Then

dðn; 0Þ ¼ a2nþ1;1 ¼ a2nþ2;0 ¼ Cnþ1ðtÞ: ð1:17Þ
The recursion takes now the following form:

dð0; kÞ ¼ tð0Þ½k ¼ 0�
dðn; 0Þ ¼ ðtð0Þ þ tð1ÞÞdðn� 1; 0Þ þ tð1Þtð2Þdðn� 1; 1Þ; n > 0;

dðn; kÞ ¼ dðn� 1; k � 1Þ þ ðtð2kÞ þ tð2k þ 1ÞÞdðn� 1; kÞþ
þ tð2k þ 1Þtð2k þ 2Þdðn� 1; k þ 1Þ; n > 0; k > 0:

ð1:18Þ

Setting

ddðn; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1Þ � � � tð2kÞ

p

tð0Þ dðn; kÞ ð1:19Þ

we get another weight on these lattice paths which is symmetric and
satisfies ddð0; kÞ ¼ ½k ¼ 0�.

This gives the identity
X

k�0

ddðm; kÞddðn; kÞ ¼ ddðmþ n; 0Þ ¼ Cmþnþ1ðtÞ ð1:20Þ

or equivalently
X

k�0

dðm; kÞdðn; kÞtð1Þ � � � tð2kÞ ¼ tð0Þdðmþ n; 0Þ ¼ tð0ÞCmþnþ1ðtÞ:

This result may be interpreted in the following form:
Consider the triangular matrices

Qn ¼ ðddði; jÞÞn�1
i; j¼0: ð1:21Þ
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Then

QnQt
n ¼ ðCiþjþ1ðtÞÞn�1

i; j¼0 ð1:22Þ
and we get the determinant of the second Hankel matrix

detðCiþjþ1ðtÞÞn�1
i; j¼0¼detQnQt

n¼
Yn

k¼0

tð0Þtð1Þtð2Þ���tð2k�2Þ: ð1:23Þ

Remark. This implies that

det QnQt
n ¼ tð0Þtð2Þ � � � tð2n� 2Þdet PnPt

n: ð1:24Þ

The most important special cases are the following:

1) tðnÞ ¼ qns: The Carlitz q-Fibonacci polynomials and the
Carlitz q-Catalan numbers.
Here we get ([2–4])

Yn�1

k¼0

tð0Þtð1Þ � � � tð2k � 1Þ ¼ q
ðn�1Þnð4n�5Þ

6 s
2

�
n

2

�

¼ q
2
Pn�1

i¼0

i2�
�

n

2

�

s
2

�
n

2

�

and

Yn

k¼0

tð0Þtð1Þ � � � tð2k � 2Þ ¼ q
nðn�1Þð4nþ1Þ

6 sn2 ¼ q
2
Pn�1

i¼0

i2þ
�

n

2

�

sn2

:

It should be noted that in this case

Fnðx; s; qÞ ¼
Xn�1

k¼0

�
n� k � 1

k

�

q
2

�
k

2

�

skxn�2k�1:

2) Another interesting special case arises for

tð2kÞ ¼ rqk; tð2k þ 1Þ ¼ sqk;

where r and s are positive real numbers.
The corresponding Fibonacci polynomials are

0; 1; x; x2 þ r; x3 þ rxþ sx; x4 þ rx2 þ qrx2 þ sx2 þ qr2; . . . :

The corresponding Catalan numbers Cnðq; r; sÞ (the Polya-
Gessel q-Catalan numbers) are

1; r; r2 þ rs; r3 þ 2r2sþ qr2sþ rs2; . . . :
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They satisfy the recurrence (cf. [4, 7])

Cnþ1ðq; r; sÞ ¼ rCnðq; r; sÞ þ s
Xn�1

k¼0

qkCkðq; r; sÞCn�kðq; r; sÞ:

In this case we have ([4])

Yn�1

k¼0

tð0Þtð1Þ � � � tð2k � 1Þ ¼ q
2

�
n

3

�

ðrsÞ

�
n

2

�

and

Yn

k¼0

tð0Þtð1Þ � � � tð2k � 2Þ ¼ q

Pn�1

k¼0

k2

r

�
nþ 1

2

�

s

�
n

2

�

:

2. The Main Theorem

Recently it has been proved ([6]) that for the sequence

aðnÞ ¼ 1
nþ1

�
2n
n

�
þ 1

nþ2

�
2nþ2
nþ1

�
¼ Cn þ Cnþ1 the Hankel determinants

are explicitly given by h0ðnÞ ¼ F2nþ1 and h1ðnÞ ¼ F2nþ2 with
Fibonacci numbers Fn. We will now generalize these results:

Theorem 2. Consider the sequence

aðn; z; tÞ ¼ CnðtÞ þ zCnþ1ðtÞ: ð2:1Þ
Let

h0ðn; z; tÞ ¼ ðaðiþ j; z; tÞÞn�1
i; j¼0 ð2:2Þ

and

h1ðn; z; tÞ ¼ ðaðiþ jþ 1; z; tÞÞn�1
i; j¼0 ð2:3Þ

be the associated Hankel matrices.
Then we have

det h0ðn; z; tÞ ¼ F2nþ1ð1; ztÞ
Yn�1

k¼0

tð0Þtð1Þ � � � tð2k � 1Þ ð2:4Þ

and

det h1ðn; z; tÞ ¼ F2nþ2ð1; ztÞ
Yn

k¼0

tð0Þtð1Þ � � � tð2k � 2Þ: ð2:5Þ
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To prove this observe the following fact (cf. [1]):
The matrix Rn :¼ ðccðiþ 1; jÞÞn�1

i; j¼0 satisfies Rn ¼ PnJn, where

Jn ¼

s0 v0 0 � � � 0

v0 s1 v1 � � � 0

0 v1 s2 � � � 0

� � � � � �
0 0 0 � � � sn�1

0

B
B
B
B
@

1

C
C
C
C
A

ð2:6Þ

with s0 ¼ tð0Þ, sk ¼ tð2k � 1Þ þ tð2kÞ, k > 0, and

vi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð2iÞtð2iþ 1Þ

p
:

Furthermore we have

h1ðn; 0; tÞ ¼ ðCiþjþ1ðtÞÞn�1
i; j¼0 ¼ RnPt

n ¼ PnJnPt
n:

Now it is easily verified that det Jn ¼ tð0Þtð2Þ � � � tð2n� 2Þ. We have
thus another proof of (1.24).

Now we have

h0ðn; z; tÞ ¼ PnPt
n þ zPnJnPt

n ¼ PnðI þ zJnÞPt
n: ð2:7Þ

We must now compute

dðnÞ ¼ detðI þ zJnÞ: ð2:8Þ
If we expand with respect to the last row we get the recursion

dðnÞ ¼ ð1þ zðtð2n� 3Þ þ tð2n� 2ÞÞdðn� 1Þ�
� z2tð2n� 3Þtð2n� 4Þdðn� 2Þ ð2:9Þ

with initial values

dð1Þ ¼ 1þ ztð0Þ; dð2Þ ¼ 1þ zðtð0Þ þ tð1Þ þ tð2ÞÞ þ z2tð0Þtð2Þ

Therefore we get

dðnÞ ¼ F2nþ1ð1; ztÞ: ð2:10Þ
In the same way we may obtain the second Hankel determinant.

Finally we note another interesting Hankel determinant.

Theorem 3. Set

bð2n; z; tÞ ¼ CnðtÞ þ zCnþ1ðtÞ;
bð2nþ 1; z; tÞ ¼ 0: ð2:11Þ
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Define the Hankel matrices

k0ðn; z; tÞ ¼ ðbðiþ j; z; tÞÞn�1
i; j¼0 ð2:12Þ

and

k1ðn; z; tÞ ¼ ðbðiþ jþ 1; z; tÞÞn�1
i; j¼0: ð2:13Þ

Then we get

det k0ðn; z; tÞ ¼ tð0Þn�1
tð1Þn�2 � � � tðn� 1ÞFnþ1ð1; ztÞFnþ2ð1; ztÞ

ð2:14Þ
and

detk1ð2n; z; tÞ
¼ ð�1Þntð0Þ2n

tð1Þ2n�2
tð2Þ2n�2 � � � tð2n� 3Þ2tð2n� 2Þ2F2nþ2ð1; ztÞ2:

ð2:15Þ
The determinants with odd index are 0.

The proof follows immediately from Theorem 2. To this end write
the rows and columns with even index first and then the others in their
natural order. Then the first matrix splits into one of the form
h0ðk; z; tÞ and one of the form h1ðl; z; tÞ. For n ¼ 2m the second
matrix splits into two matrices h1ðm; z; tÞ. For n odd one of the two
matrices has a row of zeroes.

3. Another Method of Proof

After completion of this paper Christian Krattenthaler has remarked
that some of our results become almost trivial modulo a theorem
of Lindström-Gessel-Viennot on non-overlapping lattice paths (see
[10] for a detailed account of this theorem). We now sketch this
approach.

Theorem (Lindström-Gessel-Viennot). Given initial points A0;
A1; . . . ;An�1 and endpoints E0;E1; . . . ;En�1. Then

detðPðAi ! EjÞÞ ¼
X

�2Sn

sgn� � PþðA! E�Þ;

where PðAi ! EjÞ denotes the weight of all admissible lattice paths
from Ai to Ej and PþðA! E�Þ denotes the weight of all families
ðP0;P1; . . . ;Pn�1Þ of nonoverlapping lattice paths such that Pi goes
from Ai to E�ðiÞ for i ¼ 0; 1; . . . ; n� 1:
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If you choose Ai ¼ ð�2i; 0Þ and Ei ¼ ð2i; 0Þ, i ¼ 0; 1; . . . ; n� 1,
then PðAi ! EjÞ ¼ CiþjðtÞ. In this case it is evident (by induction)
that the only possible � is the identity and Pi : Ai ! Ei is the (highest
possible) path which goes 2i steps upwards to the point ð0; 2iÞ and
then downwards to Ei ¼ ð2i; 0Þ. The weight of this family of paths is
evidently given by (1.15).

If you choose Ai ¼ ð�2i; 0Þ and Ei ¼ ð2iþ 2;0Þ, i¼ 0;1; . . . ;n� 1,
then PðAi ! EjÞ ¼ Ciþjþ1ðtÞ. In this case it is also evident (by
induction) that the only possible � is the identity and Pi : Ai ! Ei is
the (highest possible) path which goes 2iþ 1 steps upwards to the
point ð0; 2iþ 1Þ and then downwards to Ei ¼ ð2iþ 2; 0Þ. The weight
of this family of paths is evidently given by (1.23).

For the Hankel determinant detðCiþjðtÞ þ zCiþjþ1ðtÞÞ we use the
linearity in the columns to write it as a sum of 2n simpler deter-
minants. Most of these determinants are 0, because two adjacent
columns are proportional. What remains is the sum

detðCiþjðtÞ þ zCiþjþ1ðtÞÞ ¼
Xn

k¼0

Bn;kzk; ð3:1Þ

where

Bn;k ¼ detðCiðtÞCiþ1ðtÞ � � �Ciþn�k�1ðtÞCiþn�kþ1ðtÞ � � �CiþnðtÞÞ:

For the determinant detðCiþjþ1ðtÞ þ zCiþjþ2ðtÞÞ we get in the same
way

detðCiþjþ1ðtÞ þ zCiþjþ2ðtÞÞ ¼
Xn

k¼0

Dn;kzk ð3:2Þ

with

Dn;k ¼ detðCiþ1ðtÞCiþ2ðtÞ � � �Ciþn�kðtÞCiþn�kþ2ðtÞ � � �Ciþnþ1ðtÞÞ:

Now we apply again the Lindström-Gessel-Viennot theorem. To
obtain Bn;k we choose Ai ¼ ð�2i; 0Þ and Ej ¼ ð2jþ 2½ j > n� k�Þ.
For Dn;k we choose Ai ¼ ð�2i; 0Þ and Ej ¼ ð2jþ 2þ 2½ j > n� k�Þ.

It is again evident that in both cases the only possible permutation
is the identity. We study first Bn;k. For each family of nonintersecting
paths the path Pi begins with 2i upward steps. After this there are two
possibilities: Either the next step of Pn�1 is an upward step, case 1, (in
which case Pn�1 is of maximal height 2n� 1 and the 2n� 1 other
steps are downward steps), or the next step of Pn�1 is a downward
step (case 2).
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In case 1 the weight of the family is
�Q2n�2

j¼0 tðjÞ
�
Bn�1;k�1 since

there are no restrictions for the other paths. In case 2 the next step
of each Pi must be a downward step because the paths are
nonintersecting. In this case we replace the first 2iþ 1 steps of the
path Pi which go from ð�2i; 0Þ to ð1; 2i� 1Þ for i ¼ 1; . . . ; n� 1 by
the path which starts in ð�2iþ 2; 0Þ and has only upward steps
ending in ð1; 2i� 1Þ. The rest of the path remains unchanged. This
gives Dn�1;k. But we have ignored the weight of the downward steps
ending in height 1; 3; . . . ; 2n� 3. Thus we get

Bn;k ¼
� Y2n�2

j¼0

tðjÞ
	

Bn�1;k�1 þ
�Yn�2

i¼0

tð2iþ 1Þ
	

Dn�1;k: ð3:3Þ

The same procedure applied to Dn;k gives

Dn;k ¼
� Y2n�1

j¼0

tðjÞ
	

Dn�1;k�1 þ
�Yn�1

i¼0

tð2iÞ
	

Bn;k: ð3:4Þ

Let now

B�n;k ¼
Bn;k

Qn�1
k¼0 tð0Þtð1Þ � � � tð2k � 1Þ

ð3:5Þ

and

D�n;k ¼
Dn;kQn

k¼0 tð0Þtð1Þ � � � tð2k � 2Þ : ð3:6Þ

Then we get

B�n;k ¼ D�n�1;k þ tð2n� 2ÞB�n�1;k�1

D�n;k ¼ B�n;k þ tð2n� 1ÞD�n�1;k�1: ð3:7Þ
Let now

f2n ¼
X

D�n�1;kzk and f2nþ1 ¼
X

B�n;kzk:

Then we get the recurrence

fn ¼ fn�1 þ ztðn� 3Þfn�2:

Since f3 ¼ F3ð1; ztÞ and f4 ¼ F4ð1; ztÞ we see that fn ¼ Fnð1; ztÞ for
all n. This is equivalent with (2.4) and (2.5).

The t-Fibonacci polynomials can be interpreted as the weight of
Morse code sequences (cf. [5]), i.e. sequences of dots (�) which
occupy one point and dashes (—) which occupy two points.
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Let v be a Morse code sequence on some interval f0; 1; . . . ; k � 1g.
If the place i 2 f0; 1; . . . ; k � 1g is occupied by a dot we set wðiÞ ¼ x,
if it is the initial point of a dash we set wðiÞ ¼ tðiÞ. In the other cases
let wðiÞ ¼ 1. Now the length of v is k and the weight of v is defined
as the product of the weights of all places of the interval, i.e.
wðvÞ ¼

Qk�1
i¼0 wðiÞ. For example the weight of the sequence

–�–��– –� of length 12 is x4tð0Þtð3Þtð7Þtð9Þ. The weight of all
Morse code sequences with length n� 1 is given by the t-Fibonacci
polynomial Fnðx; tÞ.

Christian Krattenthaler (personal communication) has given a
bijective proof of Theorem 2 by associating a Morse code sequence
with each family of nonintersecting paths.
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