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Let for vectors a=[ay,...,ax] €Z~, x =[xy,...,xx] €Z, r(x) =
X | max {1, |x]}, @ -x =ax;+ - - + agxg.
M. Drmota [2] has proved the following theorem.
Foreveryk>1andac (Z \{O})k+1 there exists a non-zero integral
solution x of the equation a -x =0 with

r(x) < kr(a)*.

A. Schinzel and the author [1] have proved that for every £ >1
there exist a positive constant C(k) and vectors @ with arbitrarily large
r(a) such that for every x € ZHl\{O} the equation a -x =0 implies

rx) > C(k)r(a)’®, ck) > 0.

It is natural to ask for the best value of the coefficient C(k).
In this paper we shall consider the case k=2 and we shall answer
this question by proving two theorems.

Theorem 1. For every vector a & 73, 1< a<ar<az, a#[1,2,4]
there exists a non-zero vector x € 7> such that

1
a-x=0 and r(x)<\4/—§w/a1a2a3. (1)
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Theorem 2. For every € >0 there exist infinitely many vectors a € Z°
such that for every x € Z3\{0} the equation a -x =0 implies

r(x) > <% _ 5) J/araxas. 2)

Proof of Theorem I: Let a = %, Il = ayapas, D = D(ay,a3,a3) =
1
JVIL

First of all let us consider two particular cases.

The first, a =[1, a,, az].

If a>+/5, then x =[a,, —1,0],

if 1<a<1.92, then x =[az—ay, 1, —1],

if 1.58 <« <2.53, then x = [az—2a,,2, —1].

The second, a =[2, a,, as].

If a, or ajz is even, e.g. 2 | ay, then for the vector @’ =[1, a,/2,
az] #[1,2,4] there exists a vector x’ = [x|,x},x}] satisfying (1). And
thus x = [x|, x}, 2x}] satisfies (1) for the vector a =12, a,, as].

Let thus a,, a3 be odd.

If a > /5, then x = [a,, —2,0],

if 1/2 < o < +/5, then x = [(a3—ay)/2, 1, —1].

Now let us observe that the validity of Thm. 1 for a =[ay, a,, a3]
implies its validity for the vectors [da,,da,,as], [day,a,,das],
la,da,, das], where de€N. Likewise, for d>1 and the vectors
[d,2d,4], [d,2,4d], [1,2d,4d] Theorem 1 is fulfilled.

As a consequence, assume further on that

al > 3, (3)

and

(ai,a;) =1, i#]. (4)
L o> \/§

Then x =[a,, —a;, 0] satisfies (1).

L1 <a<V5
By Minkowski’s theorem on linear forms there exists a non-zero
vector x € Z> such that
laix) + axxy + azxs| < 1,
larxs + Sazxs| < Lajas,
’)C3‘ < 2.
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Hence choosing x3 > 0,

a1x) + axxy + azxz = 0, (5)
}ag)CQ + %03)63‘ < %alag, (6)
=0orl.

If we had x;x,x3 =0, then in virtue of (4) and (5) we should obtain
a contradiction with (6).
Therefore, we have |x;| > 1, |x| > 1, x3=1.

(i) x; > 1, x, < —1. Then from (5) and (6) x; = (—axxy, —asx3)/
a;>1 and

1 1 1 1
——a1ay — —azxz < arxo < mins —aja, — —azxz, —dzxz — d
212 233_22_ {212 233, 3X3 1}7

hence o< 1 and

r(x) _ (—azxz - a3X3)(—a2x2)
aar

< (farar —Yasxs) (Sarar + 13 azx3) (ara2)* — a3

aa daya;
1a2

ajay(1—a?) 1-a?
4 o VS

(i) x; <—1, x,>1. Then from (6)

1 1 1 1
maX{ —5Ma - §a3x3,az} < axxy < 541 — 5 a3x3,

hence o < 1 and just as above we obtain r(x) < D.
(i) x; < —1, x, < —1. Then

) = (arxy + azxz)(—axxy) < a3

aia» T daiay
3
:%2\/ﬁ<D, for a < ag = V/51.2.

Further on, in this case, it is sufficient to assume that oy < o < V5.
Let

X .7
q1 = a ) qr = a .
Then g1, g >0, g1+g> = and x =[x, X2, 1] = [~q1a2, —qra;, 1] =
[—(a—qr)az, —qoay, 1].
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If x does not satisfy (1), then for A = a? — 4\/5/\4/5

e <a—\/Z a+\/Z> c <a—1 oz+1>’

2 72 2 72

because A < 1.

a) (a—1/2<g,<al2. Let y=[—(a—1—gy)a>, —(g,+1)ay, 1].
Obviously, y =[x;+as, x,—ay, 1] € 73 and a -y=0. We shall show
that y satisfies (1).

al) g, > a—1. Hence, a <2 and

r(y):(—a+1%:/c§)(42+l)\/ﬁ§%\/ﬁ

for a > 3/2.

_4\/_

a2) g, < a—1. Hence, a>1 and

(a=T—-g)(q2+1)
r(y) = Ja VII < \F

a3) ¢g=a—1. Then y=[0,—aay, 1] =[0,—a3/ay,1], hence
asz/a, € Z, a contradiction with (4).

b) a/2< gy <(a+1)/2. Lety = [—(a+1—q2)az, —(q2 — 1),
1]. Obviously, y = [x; — az,x, + a1, 1] € 7 and a-y=0. We shall
show that y satisfies (1).

bl) g, > 1. Then

oy = @t =)@ — 1) afl ol -]
)= va  VEsSEVI=T

b2) g¢» < 1. Hence o < 2 and

r(y) :(a+1—j%)(l —%)\/ﬁgw\/ﬁ
i
for a > 3/2.
b3) g = 1. Then y = [~aay,0, 1] = [~as/a;,0,1], hence a3/a; €

Z, a contradiction with (3) and (4).
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1L« < 1/7.

Let t € R, t > 2. By Minkowski’s theorem on linear forms there
exists a non-zero vector x € Z> such that x3 > 0 and

ax) +axxy +azx3 =0,
1 1
|612x2 + §a3x3‘ < caiay, (7)
x3 <

Just as in case II, we obtain that x;xx3 # 0,

(1) x; > 1, x, < —1. Then from (7)

1 ) 1 1
_;ala2 - 503963 < axxy < mm{ ;alaz — 5613963, —azxsz — 01}7

hence ax; < 2/t and

r(x) _ (—azxz - a3x3)(—a2x2)a3x3

II
< (%alaz - %03363) (%alaz + %a3x3)a3x3
- 11
(3" (o
- 403/2 VI
2
6r-#] % ;

(i) x; < —1, x > 1. Then from (7)

1 1 1 1
max<{ — —dajdy — <azxs,da < arxy < —ajar, — —asx
{ t12 233’2}_22_t12 2337

hence ax; < 2/t and

(a2x2 + a3X3)a2x2a3x3

r(x) = 0
_ (G +3a30) (Faia —a3x)asxs
- II
[(%) — (ax3) ]00@ 4
- <
17 VII < VI
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(i) x; < —1, x» < —1. Then

N (a2x2 + 613)63)(—612)62)613)63 < (613)63)3

rx) = I =
3
_ a3 (Var)®
= s Vi =28 g 1 VIL
Putting t = v/3/,/a we obtain ¢ > 2 and
r(x) <D,

in every case (i), (ii), (iii).
The proof of Theorem 1 is complete.

The proof of Theorem 2 will be based on the Lemma below. Let
Fo=0, Fi=1, F, =1,...,F, be the Fibonacci sequence and let
0 = 1+2\/§

Lemma. Let [x,q] € 7> and let M,, be the minimal non-zero value of
the function

Pn(xa q) = ‘F2nx - F2n+quFn71x - anHX|
F2n q anl q

xf?
F2n+1 X Fn X

= F2n+1Fn

)

where n > 3 is odd. Then
My = Po(Fui2, Fus1) = FuoiFpia = FuFpy — 1.
Proof: For n=3,
P3(x,q) = [8x — 13q]|x — 2q]|x],

hence M3 P3(1 1) P3(5 3)—5 F5F2
For n >5 we may assume that x > g > 0. Let us observe that

Fy F, Fy 1 Fs F; Fy
0=—<—<—=< " <z< <—=<—=<—=1
F, F3 F;s 0 Fs Fy, F;
Let k be a positive odd integer.
If

then

Fir3Fk <9< Frobir _ FrsFi +1
FroFy x— FraoFy Fy > Fy
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hence x > F; and

Fon  Fi1||Fu1 Fra
F2n+1_ Fk Fn a Fk
= |FouFi — Font1 Fi1||Fue1Fx — FyFi—1|Fy

= Foyskr1FniFx 2 Fu3FoFy 2 = Fyi3Fy 2 > FyoFy .

Pn(x7Q) ZFQnJran FZ

If
Fn73 q anl
— < =<,
Fn72 X Fn
then Pn(x7Q) > ’FZnFn - F2n+1Fn—l’Fn = Fn+1Fn~
If

)
Fy x  Fyo

then P, (x,q) > |FonFni2 — Fons1Fus1|Fuyo2 = Fuo1Fpyo.
If

F,_ F,
1<61< +1

g _ Fn+1
X Fn+27
then P,(x,q) > |FonFni2 — Foan1Fusi| |Fao1Fns2 — FaFpq1|[Frao =
ananJrZ-
If
Fi_ F
el 4Tkl <k <2n— 3,

Fo x7 Fio
then P, (x,q) > |FauFi2 — Fani1Fi| [Fa 1 Fi = FuFit| Fipo 52 >
Fonj—1Fy_n-2Fxyp > Fy 3F2 - 2F 4 = 2F 3F 4 = 2(Fy1Fpin—
5) = ananJrZ + (ananJrZ - 10) > anan+2-
If
Fi_ F Fy,
i B
Fi X" Fr2 x " Foq
then P,(x,q) > Faup1 > Fuo1Fuya.
Let furthermore £ > % Now it is sufficient to distinguish just yet
three cases. If

Fis = x  Frgy
then P,(x,q) > |[FanFis3 — Fonp 1 Figo| |Foo1Fies — FuFra|Frys =
Fonk—2Fn—k—3Fks3 2 FuabFyp1.

If

Fk+2<6]< Fy

1<k<n-—4,

F F
Fio g _ Fi

< , n—2<k<2n-3,
Firis = x  Frg
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then P,(x,q) > |FoFxi3 — Fonp1Fiia| |[Fao1Fig3 — FuFiia|Fras =
F2nfk72Fk+3ank+3 Z FnFnJrl-
If

Fio <9 Fy
Firis —x  Fip
then P,(x,q) > Fii3 > Fapio > Fu1Fpin.

The Lemma has been proved.

. k> 1,

Proof of Theorem 2: For every n € N, the following formulas
(Fo+ Fus2)Fu = Fa + (=1)"",

(Fu + Fuy2)Fup1 = Fano = Fap + Fanya, (8)
and
FyFay = Fy1Faer + (—1)"'F oy, )
are true. Therefore the equality
Foxi1 + Fooxo + Foppxs = 0, (10)

takes, for n odd the form
X1+ Fopxo — Fopp19 = 0,
where ¢ = —x; — x; — (F, + Fui2)x3, i.e.
x|y = —Fyxs + Fapp19,

hence putting to (10) and using (9) we have

x3 = Fy1x — Fuq.
As a consequence, for a =[F,, F,.1, F2,1], n odd, x =[xy, x5, x3],

| x| [xs| = [Fanxa — Fang1q| |[Fuo1x2 — Fuq| |xa].

Now, we apply the Lemma with x = x, and the proof of Theorem 2 is
complete.
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